Abstract: In [1] a set of three-dimensional Chern-Simons-matter theories with different amounts of global symmetry and supersymmetry is introduced, which deform the ABJM construction to include non-zero Romans mass in the type IIA regime. In this paper I construct a family of AdS 4 flux vacua, where the internal geometry still has topology CP 3 , but the metric is of cohomogeneity one and only has SO(4) symmetry. The orbit of the SO(4) is the five-dimensional coset SO(4) U(1) , better known as the base of the conifold. Furthermore, these solutions have N = 1 supersymmetry and strict SU(3)-structure. In particular, the family includes an example of a non-homogeneous nearly-Kähler geometry. Although the global symmetry SO (4) is the same as the N = 2 branch of massive CFTs of [1], they do not exactly have the properties for the dual geometry predicted in that paper. Instead, I propose they correspond to solutions of this CFT where the second supersymmetry and the SO(2) R-symmetry are spontaneously broken. I also provide examples of supersymmetric D8-branes of the coisotropic type on these backgrounds.
Introduction
Supersymmetric compactifications with fluxes have become an important ingredient in the search for realistic vacua of string theory, since some or even all of the moduli can be stabilized (for reviews see e.g. [2, 3, 4, 5] ). Apart from phenomenological reasons, the philosophy behind imposing supersymmetry is that solving for the supersymmetry conditions is much easier than solving all the equations of motion, while it has been shown that in supergravity these supersymmetry conditions completed with the Bianchi identities indeed imply all the equations of motion [6, 7, 8, 9] . Nonetheless it is difficult to find compactifications with a non-negative four-dimensional cosmological constant, as in the presence of fluxes the no-go theorem of [10] requires the introduction of negative-tension sources. Although in string theory they can be provided by orientifolds these localized sources complicate the explicit form of the solution. The strategy is then to construct solutions with a negative cosmological constant, with AdS 4 as the external space, and take care of both uplifting to dS 4 and supersymmetry breaking in a later stage.
Because of the gauge/gravity correspondence proposed in [11] supersymmetric type IIA solutions with an AdS 4 factor have become also interesting as geometries potentially dual to a three-dimensional conformal Chern-Simons-matter theory. In this way these solutions can inspire the construction of new three-dimensional CFTs or, conversely, the CFTs can lead the way to the construction of new geometries as in this paper.
The supersymmetry and Bianchi conditions for type IIA AdS 4 flux solutions with strict SU(3)-structure were first worked out in [7] . 1 They lead to very specific requirements on the internal geometry. In particular, only the SU(3)-structure torsion classes W 1 and W 2 can be non-zero and they can be chosen to be both purely imaginary.
As was already noted in [12, 13] , a nearly-Kähler geometry -for which only W 1 is non-zero -is a particular solution with Romans mass m non-zero. In six dimensions, there were only four examples known on respectively 
U(1)×U(1) = F(1, 2; 3) and SU(2)×SU (2) , which are all homogeneous. At the other end of the spectrum solutions with Romans mass zero can be obtained from the reduction of known M-theory solutions on coset manifolds (see e.g. [14] ). One finds in this way two solutions on
Sp (2) S(U(2)×U (1)) and a one-parameter family of solutions on SU (3) U(1)×U (1) . Of the former two solutions one has the standard Fubini-Study metric on CP 3 coming from the standard S 7 in M-theory and one has a non-standard metric coming from the squashed S 7 . In [15] a family of homogeneous solutions with one shape parameter was constructed on
Sp (2) S(U(2)×U (1)) . Changing the shape parameter, these solutions interpolate between the massless solution with Fubini-Study metric and the nearly-Kähler geometry, going further to the squashed massless solution. It was argued that a similar story applies to SU(3) U(1)×U (1) , although it was later found [16] that these SU(3)-invariant solutions actually have two shape parameters. 2 The effective four-dimensional theory corresponding to an expansion in terms of left-invariant forms on these cosets was studied in [17, 18] . It was found in [19] that this expansion actually corresponds to a consistent reduction.
The generic solutions in these families have N = 1 supersymmetry. However, for the massless solution on CP 3 with Fubini-Study metric, the supersymmetry enhances to N = 6. At the same time the bosonic symmetry group enhances from Sp(2) to SU(4) and corresponds to the description of CP 3 as the coset manifold
S(U(3)×U(1)) . This particular solution was already constructed much earlier in [20] and is the dual geometry for the original ABJM gauge/gravity correspondence [11] in the limit where the type IIA description is valid. The geometry then also has a Kähler form and becomes Einstein, so we will dub it the massless Kähler-Einstein solution in the following. Also for the squashed massless case, a CFT dual has in the meantime been proposed [21] . A natural question that arises then, namely whether also CFT duals can be found for the interpolating solutions with non-zero Romans mass, was addressed in [1] . Surprisingly, not only these could be found, but in fact several massive deformations of the ABJM Chern-Simons-matter theory were proposed with different numbers of supersymmetries and different global symmetry groups: N = 0 with SO(6)-symmetry, N = 1 with Sp(2) symmetry, N = 2 with SO(4)×SO(2) R and finally N = 3 with SO(3)×SO(3) R . It was argued that the N = 0 theories correspond to AdS 4 solutions with the standard FubiniStudy metric on CP 3 , but with different fluxes (and in particular of course non-zero Romans mass) from the ones in the N = 6 configuration. Similar non-supersymmetric AdS 4 vacua were constructed in [22, 19, 23] , and it would be interesting to investigate whether they also allow for CFT duals. The second family with N = 1 supersymmetry and Sp(2) bosonic symmetry group then corresponds to the dual of the above interpolating solutions.
The geometries dual to the N = 2 and N = 3 CFTs were not provided, although some properties were listed. It was argued that in both cases the global symmetry is not large enough to act transitively on the internal manifold and therefore these geometries are not homogeneous. Furthermore, the supersymmetries could not all be described by the strict SU(3)-structure ansatz. The reason is that the supersymmetry conditions of [7] directly relate the (3,0)-form Ω with the NSNS-flux H. So both supersymmetries would correspond to an SU(3)-structure with the same Ω and thus the same almost complex structure. Since from the metric and the almost complex structure one can then also find the two-form J, the SU(3)-structures and thus supersymmetries would in the end be entirely the same. Furthermore, if one assumes that the R-symmetry acts in the same way on ǫ 1 and ǫ 2 , if one supersymmetry is described by a strict SU(3)-structure they will all be. The conclusion of the argument is that none of the supersymmetries correspond to strict SU(3)-structure, and they should all be genuine SU(3)×SU(3)-structure. The only way around the argument is for m = 0 where also H = 0 and there is no relation anymore between Ω and H. This loophole makes it possible for the standard ABJM CP 3 to be N = 6 and still have strict SU(3)-structure.
In this paper, I propose a new of family of massive non-homogeneous type IIA solutions with SO(4) global symmetry, which should be related to the N = 2 CFTs. They can be obtained from deforming away from the N = 6 massless Kähler-Einstein solution. These solutions, however, are not exactly as described above in that they have strict SU(3)-structure and thus according to the argument just presented only N = 1. The SO(2) R is still present, but maps a solution to another solution with different metric and fluxes. These solutions thus seem to spontaneously break the second supersymmetry as well as the R-symmetry.
Nonetheless, this family of solutions is interesting in its own right. It includes as a particular example a non-homogeneous nearly-Kähler geometry. As far as the author is aware the only examples of strictly 3 nearly-Kähler geometries in six dimensions are the four homogeneous configurations mentioned before [24] . Just as in the family with Sp(2) symmetry there is also a second configuration with m = 0, which this time is not homogeneous. Furthermore these manifolds generically allow for the embedding of supersymmetric D-branes of the coisotropic type [25] , examples of which, as far as I am aware, were before only known on the torus (see e.g. [26] for an application).
In section 2 I study the constraints on the solutions from having the particular SO(4) symmetry group predicted by the CFT duals. I find that the solution should have cohomogeneity one, and that the five-dimensional orbits of SO(4) form the coset N 1,−1 = SO(4) U(1) , better known as the base of the conifold [27] . I rewrite the starting point, namely the N = 6 massless solution with Fubini-Study metric, in terms of coordinates reflecting the SO(4)-symmetry. In section 3.1 I review the conditions for strict SU(3)-structure of [7] , which I solve in section 3.4, starting from the ansatz suggested by the symmetry analysis of section 2. I discuss the configuration space of solutions in section 3.5 and give some examples of coisotropic D-branes on the Kähler-Einstein and the nearly-Kähler solutions in respectively section 3.3 and 3.6. In section 4 I study deformations of the strict SU(3)-structure supersymmetry ansatz in the generalized direction and establish that these solutions indeed do not have a second supersymmetry. I conclude with an outlook on further research in section 5.
Structure of the solutions
In this section I analyse the constraints that the SO(4) symmetry group, predicted by the CFT analysis, imposes on the metric and the form fields of the solution. It turns out that the SO(4) symmetry is not large enough to make the solutions homogeneous. Instead, they have cohomogeneity one, which is the next easiest case. The ansatz for the metric and the form fields will then depend on functions in only one variable.
Symmetries of the solution from the CFT side
The ABJM theory [11] consists of a U(N ) k ×U(N ) −k Chern-Simons theory with chiral multiplets
transforming as a 4 under the global symmetry group SU(4). According to [1] turning on the Romans mass, in the N = 2 branch this global symmetry is broken to SO(4)×SO(2) R . The SO(4)=SU(2) A ×SU(2) B part acts such that
transform as 2 A and 2 B respectively. The dual of the massless ABJM theory in the regime where type IIA is valid, is the AdS 4 ×CP 3 solution of [20] . The internal space CP 3 is then equipped with the Fubini-Study metric and is described by the coset
3)
The homogenous coordinates of CP 3 ,
then transform as a 4 just like the (A i , B * i ) in eq. (2.1). We therefore deduce that for the deformed geometry the isometry SO(4) should act such that
transform as 2 A and 2 B respectively. Let us show now that the SO(4) does not act transitively, so that its orbits are proper submanifolds of CP 3 . Indeed, let us first turn to special points with coordinates of the
One can easily check that they are rotated into each other by SU (2) A and that the part of the original isotropy group S(U(3) × U(1)) that belongs to SO(4) is U (1) × SU (2) B . The SU(2) B factor cancels out in numerator and denominator so that the orbit is
Likewise, the orbit of the points of the special form
is also a CP 1 , which we call CP 1 B . Let us now turn to the orbit through a point with coordinates of the form
Since acting with SO(4) one can bring a generic point in this form, this is the generic case. We find that this time the part of the isotropy group S(U(3) × U(1)) that belongs to SO(4) is a U(1) acting like
We conclude that the orbit of SO(4) through this point is five-dimensional and given by the coset manifold SO(4)
which is better known as the base of the conifold (see e.g. [27] ). It has the topology of S 2 × S 3 . CP 3 can thus locally be considered as a foliation where the leaves take the form of the coset N 1,−1 . This is not globally a foliation though, since this description breaks down both at the special points of the form (2.6) and as the ones of the form (2.8), where the leaves collapse to two-dimensional CP 1 s. When constructing metrics on CP 3 in this description it is therefore important to carefully check the regularity on these degenerate orbits. That CP 3 could be locally seen as a foliation in this way was noted before in [28] .
Another way to see this foliation, which allows for a better handle on the location of the two special loci, is to start from a generic point (Z 1 , Z 2 , Z 3 , Z 4 ) and note that the action of SO(4)=SU(2) A ×SU(2) B allows to go to any other point with the same absolute U(1) 
Since these are homogenous coordinates, there is only meaning to the relative factor r = (
. This implies that the orbit of the point (Z 1 , Z 2 , Z 3 , Z 4 ) contains all the points with the same relative factor r. The two special orbits then correspond to sending the factor r to zero and infinity respectively. The first two coordinates can be seen to describe a CP 2 = S 2 , for which we can choose inhomogeneous coordinates fixing the gauge freedom to scale. For the last two coordinates the absolute value |Z 3 | 2 + |Z 4 | 2 is then fixed so that we find an S 3 . In the special loci, the radius of this three-sphere or the one with the roles of (Z 1 , Z 2 ) and (Z 3 , Z 4 ) interchanged goes to zero. See figure 1 for a an illustration of the geometry. The space N 1,−1 can also be considered as a U(1)-bundle over CP
Indeed the two CP 1 s are described by the homogeneous coordinates (Z 1 , Z 2 ) and (Z 3 , Z 4 ) respectively, and the U(1) describes the relative phase between the two factors. We do not impose invariance under the SO(2) R-symmetry. In fact, it will turn out that apart from the massless Kähler-Einstein limit the solutions we will construct break this SO(2) R and also do not have a second supersymmetry. We will see that the SO(2) R is still present in that it rotates different solutions into each other.
Finally, we remark that the isometry group SO (4) is not a subset of the isometry group Sp(2) of the homogeneous N = 1 solutions of [15] . It follows therefore that none of the solutions respecting the SO(4)-symmetry is just an Sp(2)-solution in a different coordinate system (except of course for the Kähler-Einstein case where the Sp(2) is enhanced to SU(4)).
Let us now study the coset N 1,−1 , which makes up the geometry of the five-dimensional orbits, in a bit more detail.
The coset N 1,−1
Imposing that our solutions respect the SO(4) symmetry group, implies that the metric, the SU(3)-structure and the form fields should all be invariant under the left action of this group. In this section we construct the most general form of the SO(4) left-invariant metric and forms on the N p,q cosets. For a review on coset manifolds and their description in terms of left-invariant forms see [29, 30] . For an overview of the N p,q coset in particularwhich also explains its description as a U(1) bundle over CP 1 × CP 1 -see [27] As explained in these reviews (and also in [16, 17] ) on a coset manifold G/H we must split off the generators H a of the algebra corresponding to the group H that is projected out from the rest of the generators E i of G. This induces a split of the structure constants:
where for a reductive coset, which is the case for us, the split basis can be chosen such that f b ai = 0. The decomposition of the Lie-algebra valued one-form
for L ∈ G, defines then a coframe e i (y) on G/H. The left-invariant forms φ l are then the forms which can be expanded in terms of the coframe e i with coefficients constant over the coset, and moreover satisfy f
In our case however, we must allow the coefficients to depend on the one coordinate transversal to the coset. Likewise a left-invariant metric must have coefficients constant over the coset in the coframe basis e i and satisfy the condition
The exterior derivatives of the one-forms of the coframe can be expressed in terms of the structure constants as follows:
Acting with the exterior derivative on left-invariant forms, the condition (2.14) will ensure that all terms containing ω a drop out. Suppose the SU(2) A/B factors in SO(4) are generated by λ A,B = − i 2 σ A,B , where σ A,B are the Pauli matrices, then we propose the following split for the generators of the algebra of SO(4)
Here H is the generator of the U(1) that is projected out. This leads to the structure constants: If p = q one can choose the following coordinate representation 4 for the one-forms (e i , ω a ): 19) where (θ 1,2 , φ 1,2 ) are spherical coordinates on CP 1 A,B respectively, satisfying 0 ≤ θ 1,2 < π, 0 ≤ φ 1,2 < 2π, and ψ describes the U(1)-bundle, with 0 ≤ ψ < 2π.
From eq. (2.10) describing the action of the U(1) we find that the case of interest is p = q = −1. One finds then from (2.15) that in the coframe basis e i a left-invariant metric should satisfy 
4 For p = q this particular representation is not so great, since the terms with dψ drop out of e 5 . For this case another more suitable coordinate representation can be found be changing some signs. Here we are however interested in the case p = −q = 1 anyway.
Furthermore, from (2.14) one finds that the left-invariant forms are spanned by The starting point of the analysis is the N = 6 vacuum on CP 3 with the standard FubiniStudy metric. As we will see it is one of the two massless limits of the family of solutions I will construct. So it should be possible to rewrite this vacuum in terms of the coordinates induced by the local foliation with N 1,−1 leaves. Only the SO(4) isometry group and N = 2 supersymmetry are then manifest.
Corresponding to the description of N 1,−1 as a U(1)-bundle over CP 1 × CP 1 , appropriate coordinates are
where z and w are inhomogeneous coordinates for CP 1 A,B respectively. Furthermore it will be convenient to choose a transversal coordinate ξ as follows 24) and thus 0 ≤ ξ ≤ π 2 . If we further replace the inhomogeneous coordinates (z, w) for both CP 1 s by the respective spherical coordinates (θ 1,2 , φ 1,2 ) we find in the end:
The Fubini-Study metric becomes in these coordinates:
where we introduced a constant overall scale a > 0.
Note that the orbits indeed correspond to N p,q with p = −q = 1, and furthermore to putting 27) in the coset metric of (2.21). The transversal coordinate ξ is chosen so that g ξξ = a is constant. These coordinates for CP 3 were already proposed in [28] .
Since it is just the standard Fubini-Study metric in new coordinates, we know that this metric is regular on the degenerate orbits ξ → 0 and ξ → π/2, where respectively the first and the second CP 1 as well as the fiber collapse. It is however a useful exercise to check this explicitly, since it shows us what to pay attention to when imposing the boundary conditions on the general solutions. In the limit ξ → 0 the metric becomes
For constant (ξ, θ 2 , φ 2 ) the second term in the first line becomes the standard metric of an S 3 . Checking the volume of this S 3 (ξ) we find:
the standard volume of an S 3 with radius ξ. For this calculation the prefactor 1/4 in front of the second term in the first line, together with the period of ψ is crucial. It follows that the part of the metric in the first line is just the metric for flat R 4 , and is thus regular. In a completely analogous way, the metric is also regular for ξ → π/2. The standard closed Kähler form J ′ is in these coordinates given by Note that this is not the two-form J of the SU(3)-structure associated to either of the supersymmetries. In particular, J ′ is only associated to a U(3)-structure -the one in the denominator of the coset description (2.3) -since it will induce an integrable complex structure of which the (3,0)-form is globally only well-defined up to a factor. The existence of these two two-forms, J ′ and J, and the associated integrable and non-integrable complex structures is a generic property of twistor spaces [31, 32] . See also [15] for a discussion of this in the context of the homogeneous N = 1 type IIA solutions. We will construct the two-forms associated to the SU(3)-structures in the next section after we review the conditions these SU(3)-structures have to satisfy.
Conditions from supersymmetry and Bianchi identities

Review of the conditions for supersymmetric AdS 4 solutions
In this subsection we review the conditions for supersymmetric strict SU(3)-structure AdS 4 flux compactifications, first derived in [7] . These conditions are equivalent to the set of supersymmetry conditions and Bianchi identities without sources, which as we mentioned in the introduction suffices to imply all the remaining equations of motion. It is found that the internal manifold should posses an SU(3)-structure. This consists of a real two-form J and a complex decomposable three-form Ω satisfying the compatibility and normalization condition 1b) and such that the associated metric is positive-definite. Especially the condition for Ω to be complex decomposable is quite complicated and was studied in [33] . In fact, it was shown in that paper that this implies that Im Ω is (up to a sign) determined by Re Ω. This works as follows: from ReΩ we can construct first an almost complex structure. We definẽ
where ε m 1 ...m 6 is the epsilon-tensor in six dimensions, and then properly normalize it
so that
is called the Hitchin function. This procedure only works if the Hitchin function is strictly negative, which imposes a condition on Re Ω. The metric can then be constructed from I and J through
and Im Ω is given by
Furthermore, the only non-zero SU(3)-structure torsion classes are the scalar W 1 and the primitive (1,1)-form W 2 , so that
They can be chosen to be both purely imaginary, and the sourceless Bianchi identity for
where from the defining properties of W 2 we find for the proportionality factor
The warp factor A and the dilaton Φ are constant, and the Romans mass is given by
imposing an inequality on the torsion classes. Finally the RR-and NSNS fluxes are then given by
11a)
where we have defined
Massaging these conditions a bit and keep only the essential, in the end we have to solve the following problem. Find a geometry with two-forms J, W 2 , L and a three-form Re Ω so that dJ = c 1 Re Ω , (3.13a)
where the notation Im Ω(ReΩ) stresses that ImΩ should be found from ReΩ through the procedure outlined in eqs. (3.2-3.6), making the conditions containing ImΩ the most involved. After we found a solution to the above conditions we must still check for positivity of the metric. The relation with the parameters introduced earlier is as follows
(3.14)
We introduced the parameter
which considering m 2 ≥ 0 and c 2 ≤ 0 obeys
where the limiting cases correspond to the massless and nearly-Kähler case respectively.
Since we want to construct a solution that respects the SO(4) isometry, we expand the unknown forms in the left-invariant forms, which we build from the forms of (2.22) where the introduction of the angle coordinate θ k (ξ) will be convenient later on, and we do not display W 2 since it can be trivially expressed in terms of J and L through (3.13b).
Before solving these conditions in general, we will first use them to find the SU(3)-structures corresponding to the two SO(4)-invariant supersymmetries of the massless Kähler-Einstein geometry.
The massless Kähler-Einstein geometry revisited
In this case we already know the metric explicitly and that such J and Re Ω, corresponding to the two supersymmetries invariant under SO(4), exist. We just want to find them in the coordinate system of section 2.3. It turns out that to find most of J (i.e. apart from θ k (ξ)) we do not have to solve the full set of conditions (3.13). It suffices to plug the ansatz for J from (3.16) into (3.5), and further impose I 2 = −½, for a proper complex structure, and J ∧ dJ = 0, which follows from (3.13a) and (3.13c). The other conditions then become relatively simple, and in the end we find for J and Ω: where θ k (ξ) = θ k is constant and we chose the upper sign in (3.6). We find furthermore
Note that in general we can get three more solutions by using one or both of 19) where the second line corresponds to choosing a different sign in (3.6). In the following we will always choose c 1 > 0 and the upper sign in (3.6).
The angle θ k corresponds to the freedom of rotating the SU(3)-structure with SO(2) R , and indeed does not change the metric, nor, since m = 0 any of the fluxes 5 . It follows that the solution has two SO(4)-invariant supersymmetries.
Furthermore we remark that the coset 20) which is completed with
into a symmetry of the solution, which, as we will find, extends to the general solution.
Finally, it will be convenient later on to use the freedom of reparameterizing ξ to put k 4 (ξ) =ξ. For the m = 0 solution above we find theñ
Intermezzo I: Coisotropic D-branes on the massless Kähler-Einstein geometry
Now that we have constructed the SU(3)-structures associated to the supersymmetry, it is interesting to see whether the geometry allows for the embedding of supersymmetric D-branes, which according to [34, 35] must be generalized calibrated. It is known [36] that there are special Lagrangian D-branes wrapping RP 3 s, but we will here be interested in the more exotic coisotropic D8-branes [25] . So let us construct an SO(4)-invariant coisotropic D8-brane. The one-form part of the D-brane source j, defining the direction transversal to the D-brane, must be a linear combination of the left-invariant one-forms dξ and e 5 . Here we will look for a coisotropic D-brane that wraps N 1,−1 at some constant value for ξ = ξ 0 so that j is proportional to dξ, and leave the study of more general embeddings for later work. For the world-volume gauge field F we make the SO(4)-invariant ansatz
with f i constant. From dF = H| Σ = 0 we find f 3 = f 4 = 0. The generalized calibration condition [34, 35] for a space-filling D8-brane becomes
The first condition, which can be interpreted as an F-flatness condition in the low-energy effective theory [37] , is equivalent to the condition for a coisotropic D-brane [25] , see e.g. [26, 38] . This has to be completed with the second condition, which can be interpreted as a D-flatness condition. However, in [39] it was shown that in AdS 4 compactifications the second condition follows automatically from the first. So we only have to impose the first condition, from which we find
The D-brane then preserves both supersymmetries. Only the first possibility leads to a genuine D8-brane, since for the last two possibilities the second respectively the first CP 1 and the fiber shrink to zero and the D-brane only wraps the other CP 1 .
Solving the conditions
In this section, we put ourselves to the task of solving the equations (3.13) for general 1/2 ≤ σ ≤ 2/3. As it turns out, the equations (3.13a)-(3.13c) are relatively easily to solve and put: 26) where prime denotes the derivative to ξ. This leaves four unknown functions k 1 (ξ), k 2 (ξ), k 4 (ξ), θ k (ξ), and one unknown constant d 1 . In fact, it turns out none of the equations in (3.13) puts a constraint on θ k (ξ). However, requiring g ξψ to vanish forces θ k (ξ) = θ k to be constant. So there will be further solutions with g ξψ = 0, which we will not consider any further in this paper.
To proceed it will be convenient to fix the reparametrization freedom and introduce a new coordinateξ such that k 4 (ξ) =ξ. Furthermore, if we introduce 27) and square the left-and right-hand side of (3.13d) -removing the square root in (3.3) -it takes the following simplified form
This is still not easy to solve unless s(ξ) ′2 = 4, which is indeed the case for the massless solution (3.22) . So we make the following ansatz
where we made the same choice of sign as in (3.22) . There is no loss of generality in this sign choice, since it can be changed using (3.19) . We can then solve (3.28) and find
Finally we turn to condition (3.13e). Equivalently, (3.13e) should hold when we wedge it with the most general left-invariant two-form, which contains five degrees of freedom. Because we have already imposed that W 2 is a (1,1)-form, it is automatically satisfied when wedging with a (2,0)-or (0,2)-form. This removes two degrees of freedom. One more degree of freedom is eliminated because (3.13e) is independent of θ k (ξ). So we need only impose
Of course, we found it prudent to check the full (3.13e) after finding the solutions. Plugging in (3.29) and (3.30) we find in the end two sets of solutions in terms of σ
Let us now transform back to the original coordinates where g ξξ is constant. We need then to solve for
Further normalizing such that 0 ≤ ξ ≤ π/2 we find
The metric is then given by
It is easy to check that for ξ = ǫ and ξ = π/2 − ǫ with ǫ infinitesimal, the first three lines of the metric take exactly the same form as the metric in the massless Kähler-Einstein case in these limits, while the terms in the last two lines vanish as ǫ 2 . The metric is thus regular.
Except for 2 − c 1 √ e 1 = 0, which is the case for the massless Kähler-Einstein solution, the metric changes when shifting θ k . Moreover the fluxes will also change. So the SO(2) R symmetry is broken, although it still sends solutions to solutions. Furthermore, we find that the SU(3)-structure is given by , 36) where Ω KE (θ k ) is the holomorphic three-form of the Kähler-Einstein case defined in (3.17) . The fact that Ω is proportional to Ω KE means that the complex structure is the same on all solutions with the same θ k ! Finally, by calculating
I have established that none of these geometries, apart from the massless Kähler-Einstein case, is homogeneous.
Configuration space of solutions
For every value of σ with 1/2 ≤ σ < 2/3 and thus for every value of the Romans mass m there are two essentially different families of solutions, which are given by taking the upper/lower sign in (3.32) . For the maximal value σ = 2/3, which corresponds to the nearly-Kähler case, these two families coincide and correspond both to e 1 = Figure 2 shows a plot of the Romans mass in terms of e 1 .
Intermezzo II: Coisotropic D-branes on the nearly-Kähler geometry
In this section we investigate whether, just like on the Kähler-Einstein geometry, SO(4)-invariant supersymmetric D8-branes of the coisotropic type can be embedded in the nearlyKähler geometry. Again, we assume the embedding is given by ξ = ξ 0 . We make the same SO(4)-invariant ansatz (3.23) for the world-volume gauge field F. This time, since H = 0 the condition on the exterior derivative of F is more complicated: a second supersymmetry associated to an SU(3)×SU(3)-structure. Let us investigate this claim and try to deform the strict SU(3)-structure into a generalized structure for the same solution, i.e. without changing the metric nor the fluxes. This section requires some background knowledge of generalized geometry, for which we refer to [40, 41] . Reviews on the topic are, e.g., section 3 of [42] and [43] . The outcome is that such deformations are indeed not possible. An SU(3)×SU(3)-structure consists of two pure polyforms (Ψ 1 , Ψ 2 ) that satisfy the normalization and compatibility conditions
where φ 1 , φ 2 = φ 1 ∧ σ(φ 2 )| top , with σ reversing the indices of a polyform, is the Mukai pairing, and
The condition of pureness is a generalization of the property of Ω being complex decomposable, which we described in section 3.1. It was studied in the seminal paper [40] , where the formalism of generalized geometry was introduced. A metric can be associated to (Ψ 1 , Ψ 2 ), and its positive-definiteness should be imposed as an extra condition. In [44] it was shown that (Ψ 1 , Ψ 2 ) corresponds to a supersymmetry iff 
and these equations reduce to the supersymmetry conditions of [7] , reviewed in section 3.1.
We will now make a small deformation around (4.3) in order to check whether there is a second supersymmetry corresponding to an SU(3)×SU(3)-structure. The most general deformation of (Ψ 1 , Ψ 2 ) that does not change metric nor B-field is given by (for a classification of the deformations of the system (Ψ 1 , Ψ 2 ) see e.g. [45, 46, 47, 48] ) where · (p,q) denotes a (p, q)-form and · (p,q) a (p, q)-vector, and the indices are raised and lowered with the metric g. λ 1 and λ 2 are two complex scalars, v is a vector describing a deformation of both complex structure and two-form J, and finally w is a two-form describing the deformation in the generalized direction. This deformation automatically satisfies the compatibility (4.1b), while from (4.1a) we find Reλ 1 = Reλ 2 . We plug (4.4) into (4.2) and try to find a SO(4)-invariant deformation that leaves not only the metric, but also the warp factor, dilaton and all the fluxes invariant.
In the end, we found that such deformations are not possible for our class of solutions (except for the strictly SU(3)-structure deformations corresponding to SO(2) R in the Kähler-Einstein case).
Outlook
In this paper, I have presented non-homogeneous type IIA solutions with SO(4) isometry and strict SU(3)-structure. This class of solutions seems quite interesting since as far as the author is aware all AdS 4 compactifications of massive type IIA, so far, have been homogeneous. In particular, the class includes an example of a non-homogeneous nearlyKähler geometry. Apart from the Kähler-Einstein geometry, there is also a second massless solution, which should lift to a non-homogeneous solution of M-theory. This should correspond to a new squashing of the seven-sphere and provide an example of a weak G 2 seven-manifold.
Furthermore, I have presented supersymmetric D8-branes of the coisotropic type on both the Kähler-Einstein geometry as well as the nearly-Kähler geometry. Although I have not displayed their explicit form, I have argued that in fact these coisotropic D-branes can be embedded on all of the solutions. It would be very interesting to find their role in the AdS 4 /CFT 3 duality.
Because of the SO(4) global symmetry they possess, these geometries seem to correspond to the N = 2 CFT of [1] , but they are not quite as predicted in that paper, since the second supersymmetry is spontaneously broken as well as the SO(2) R symmetry. It would be interesting to see whether there are also solutions with two supersymmetries described by two genuine SU(3)×SU(3)-structures as predicted in [1] . This would require solving the conditions (4.2) instead of the conditions of [7] . These conditions are considerably more complicated though.
Also more complicated would presumably be the search for solutions with SO(3) isometry, corresponding to the N = 3 CFTs. In this case the cohomogeneity would be two and we would obtain partial differential equations for functions in two variables.
Finally, one could also try to construct similar solutions on the SU (3) U(1)×U(1) manifold, for which e.g. [49] could provide a starting point.
